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We study the relationship between the local grain-grain friction and the force texture in a granular pile to its
macroscopic emergent frictional values. We account for the force geometrical properties by a model that
assumes the existence of slide planes that define macroscopic friction angles. The model depends on the
measured angular distribution of contact forces and a single parameter, to be fitted, that is a function of the
roughness of the slide plane. The model is tested by a state-of-the-art model of a two-dimensional granular pile
built by depositing grains under gravity and submitted to an external uniaxial stress.
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The behavior of granular materials under loading has been
a subject of strong recent interest since it reveals many of the
unique mechanical features of this phase of matter. Many of
these features are inherited by granular rocks under uniaxial
loading and the anisotropic stresses developed under these
conditions determine their mechanical strength and behavior
under shear. Mechanical features of composite materials such
as sedimentary rocks are commonly studied as macroscopic
quantities with little regard of the geometrical configurations
and the local system components. Mechanical yield is under-
stood as the resulting phenomena when forces overcome the
Coulomb condition �1�. Although this criterion involves
some of the essential physics, it is not fully applicable in
granular systems in which processes such as dilatancy,
stress-induced anisotropy, and contact force networks are
ubiquitous �2�.

Approaches that regard local details �3� and granular elas-
ticity theories provide more detailed explanations of the
macroscopic behavior of composite materials, including non-
linear elastic relations �2,4�. Nevertheless, those approaches
do not yet fully reconcile the macroscopic or effective obser-
vations with the microscopic structure and physical proper-
ties of the system elements. In contrast to the behavior of a
classical gas of particles, where only long-wavelength exci-
tations determine the thermodynamic behavior, in granular
material, there always remains a reference to the local length
scale behavior.

Here we study the relation between the intergranular fric-
tion and the macroscopic friction as derived from the Mohr-
Coulomb circles of a compacted two-dimensional �2D�
sample. The latter case has been analyzed experimentally in
Ref. �5�, where a connection is made between the micro-
scopic friction and macroscopic friction from the Rankine
analysis. Nevertheless, in this work, the local orientation of
forces was only surmised, so various plausible scenarios
were proposed. A related study of the geometrical effects on
macroscopic friction is that of Ref. �6� where, as in �5�, a
local friction angle can be defined by the ratio of the local
tangential and normal forces.

A simple 2D model can give us insight into the relation
between the local force fabric or configuration of forces be-
tween grains and the macroscopic behavior of the pile. In
Refs. �5,6�, the authors related the normal and tangential

forces applied to a plane in the material �macroscopic de-
scription� to the normal and tangential forces between grains
composing that plane. Following Eber �5�, we can relate �
and � as depicted in Fig. 1 on a particular plane, to the local
grain-grain forces by

�m =
� cos � + � sin �

� cos � − � sin �
, �1�

where �m is the local microscopic friction, �, as defined in
Fig. 1, is the angle between the normal force between grains,
and � is the range of angles over which � can vary. The
macroscopic friction is given by �M =� /�=tan �M, so we
can write

�m = tan �m =
tan �M cos � + sin �

cos � − tan �M sin �
. �2�

Solving for tan �M, we arrive at

tan �M =
tan �m − tan �

1 + tan � tan �m
= tan��m − �� . �3�

As can be seen from the previous equation, the angle � is
referred to the principal plane that defines � and � so that
such an angle depends on �M itself. Referring to Fig. 2, we
can derive the relation

tan �M = tan�2

3
��m − � + �/4�� . �4�

The right-hand side of this equation only depends on the
microscopic friction angle �m and the angle � giving the
orientation of the contact with respect to the vertical axis �see
Fig. 2� of the sample. In order to obtain the macro friction
angle, one must now introduce information on the distribu-
tion of the � that is given by the texture. The texture distri-
bution is determined directly from the simulation so that one
can directly obtain

��M� = 	
�min

�max

P���tan�2

3
��m − � + �/4��d� , �5�

where P��� gives the distribution of orientations of the
forces between individual grains. The limit angles �min ,�max
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are critical in making sense of this relation. We have the
restriction of tan 	M 
0, so that ���m+� /4. The upper
limit can be derived from the condition that the argument of
the tangent does not exceed � /2, where the tangent changes
sign. Nevertheless, the lower limit depends on the structure
of the sliding plane �7� and is further restricted. For a per-
fectly ordered straight line of spheres of the same size, the
lower limit is −� /6. Roughness of such a plane �line for a
two-dimensional pack� will yield larger average angles �5�.

In order to test the previous model, we proceed to simu-
late a detailed two-dimensional granular model. Very accu-
rate representations of unconsolidated sands have been de-
veloped in two and three dimensions �8� that consider a
nonlinear Hertz-Mindlin model for the grain-grain interac-
tions and also account for surface elasticity �9,10�. At the
microscopic level, the grains interact with a repulsive non-
linear viscoelastic force �8–10� Fc given by

Fc = 
��nRf�n�n − �n�̇n��n̂ + Fs, �6�

where first term represents the force Fn normal to the contact
area. For the labeled grains 1 and 2 with radii R1, R2 and
positions r1, r2, �n=max�0,R1+R2− r2−r1� and n̂
= �r1−r2� / r1−r2 is the unitary vector joining the grains
centers. The normal stiffness of the contact n=4G / �1−��,
where G=29 GPa is the shear modulus and �=0.08 is the
Poisson coefficient, Rf = �R1R2� / �R1+R2� is an effective ra-
dius, and ��nRf is the radius of contact area. The second term
in braces in Eq. �6� represents the viscous forces for normal
deformations, where �n is a damping constant set here to
2.3�10−6 gr / �cm s�.

The shear force in Eq. �6�,

Fs = − min���nRf�s��s − �s��̇s�,�mFnŝ� , �7�

depends on contact history and cannot be determined by the
position of grains. The tangential stiffness is s=8G / �2−��
and �m represents the Coulomb friction coefficient. The term
�s=2.0�10−6 gr / �cm s� is a damping coefficient and �s

=�0
t �̇s�t��dt� is the tangential displacement that took place

since the contact was first established. ��̇ is the relative veloc-

ity, of the grain surfaces, ��̇s=��̇ − ���̇ · n̂�n̂, and ŝ=��̇s / ��̇s. The
vector ��s can be computed from the relative displacement
vector d between the grains in contact as ��s=d− �d · n̂0�n̂0,
with n̂0 the normal of the contact when it is created. When-

ever a contact is established for the first time, the viscoelastic
part of Eq. �7� �left term� is activated and the grains feel a
force opposed to the tangential displacement. Upon exceed-
ing the threshold of Coulomb dry friction, sliding occurs
following the frictional term �right term� and the elastic
spring is broken. When the tangential velocity drops to zero
or is inverted, the elastic spring is reactivated with zero elon-
gation, and the friction force is turned off �11�.

An initial pack is constructed following a ballistic algo-
rithm that models the settling of the grains under gravity
�11�. Periodic boundary conditions are imposed in the direc-
tion x̂ perpendicular to the gravity. The diameter R of each
grain is chosen at random from a flat distribution in the range
of 0.01–0.03 cm. The method produced an initial condition
of porosity �17.7% and marginal grain-to-grain overlaps.
About 104 disks were packed in a rectangular box of size
58�74 in units of the maximum grain diameter �see Fig. 3�.

Once the initial sample was constructed, the intergranular
friction is turned on and set to a different value in the range
�m�0.1–0.7 in each of eight different simulations where the
samples are cyclicly compressed. The compaction cycles are
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FIG. 1. Bottom of a slide line for a two-dimensional granular
model defining the Mohr circle � and � pair in relation to the local
tangential FT and normal FN forces between the grains as proposed
by Eber �5�.
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FIG. 2. Convention for angle � measured from the plane defined
by the Mohr construction �� ,��, and � measured from the principal
direction. Angle � is depicted and related to the inclination of the
plane identifying the macroscopic failure angle �M.
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FIG. 3. �Color online� A simulation cell with 10 000 grains
taken from a narrow distribution of sizes as described in the text. �1

denotes the vertical stress while lateral stress is measured by �2.
The lateral conditions are periodic and the top and bottom walls
have friction so that slip of the granular pack is avoided.
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performed by imposing macroscopic strained states on the
sample. Two rough walls are implemented by freezing the
grains in slabs of four maximum grain diameters at each of
the extremes of the y axis of the sample. Each strained state
is then reached by moving the rough walls in the vertical
direction ŷ by a finite amount and then leaving ample time
for the system to relax the kinetic energy and the stress ac-
cumulated near the walls. The walls move toward the sample
core for a compaction or in the opposite direction during
decompaction.

The vertical stress �1 is computed as the average force on
the walls divided by the sample width in the direction per-
pendicular to the compaction x̂. To compute the lateral stress,
an imaginary line is drawn parallel to the ŷ axis and passing
through the sample center. The stress �2 is computed as the
total force, in the y direction, that the grains on one side of
the line exert on the grains at the other side divided by the
distance between the walls. The whole procedure was de-
scribed elsewhere �10�. An insightful macroscopic descrip-
tion of the loading or unloading process can be obtained
from the Mohr circle of the granular pile. In this representa-
tion, the normal and shear components applied instanta-
neously to every plane in the material are described as a
result of the uniaxial stress. Unlike most laboratory tests, the
lateral stress is not fixed, so the dynamics of both principal
stresses are monitored simultaneously. The intersection of
the circles with the horizontal axis represents the main stress
eigenvalues, the largest �1, in the uniaxial direction and the
smallest �2. Figure 2 on the right panel depicts two angles.
�M is the internal effective friction angle as derived from the
tangent to the Mohr circles. On the other hand, � is the angle
between the plane depicted in the left panel and the uniaxial
strain direction.

A series of Mohr circles is shown in Fig. 4 for a local
friction coefficient of �m=0.3 as a function of the uniaxial
strain. The innermost circle sequence represents the first
loading cycle after the sample has been concocted, while the
following two sequences correspond, monotonously, to the
next two loading sequences. From the third or fourth loading
cycle on, the sample achieves a stable limit and the slope of
the circle sequence is computed. Such slope is taken as the
macroscopic friction of the granular pack �12� and yields a
precise angle �M of internal friction at sufficiently large
stresses �12,13�. Luding �12� reported taking the correct val-
ues of friction by following the yielding circles. In our simu-
lations, for the stable limit sequence, such yield circles fall
on the same set of limiting circles.

The macroscopic friction coefficient implied by the Mohr
circle sequence in Fig. 4 is �M =0.4 �slope joining Mohr
circles�, larger than the microscopic one, set here at �m
=0.3 for grain-grain interactions. This fact is expected on
general grounds since the dilatancy of the material is of
structural origin and has to be taken into account in the Cou-
lomb criterion. Such effect should require an additional ap-
parent frictional effect, lumped into the coefficient �M �12�.
Nevertheless, the force texture in a granular material is
preparation dependent and a drastic change in the structure
should change the macroscopic friction coefficient of the
sample. Such force texture is readily available in our simu-
lations and can be used to evaluate Eq. �5�.

The normalized frequency distribution of forces derived
for the cycled granular pack at �m is depicted in Fig. 5. It has
a symmetric twin-peaked structure with a minimum at zero
and at the extreme angles �� /2. The shaded area indicates
the physical integration range according to Eq. �5� where the
upper limit is given by �m+� /4. The lower limit of the
shaded region is found by fitting to the theoretical curve to
the full curve of observed �M values found directly from the
Mohr circles. Figure 6 shows a comparison between the the-
oretical relation involving Eq. �5� and the macroscopic fric-
tion angle measured using the Mohr circles. The fitted value
for the lower angle of integration is 	min=−0.63�−� /6
=−0.5236. . ., expected as discussed above. Loading the
sample changes the texture distribution somewhat in the
range of loading considered �see Fig. 4� by slightly filling in
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FIG. 4. �Color online� The Mohr circles as a function of the
loading for three separate and consecutive cycles that go from the
innermost to the outermost sequence. The vertical axis is the tan-
gential stress applied to a plane at an angle of 2� �see Fig. 2� from
the main principal axis �1. �2 is drawn as the lateral principal value
at the opposite intersection of the circle with the horizontal axis. As
loading increases, both �1 and �2 increase, generating a new circle.
Circles in each sequence share a common tangent beyond a small
loading.
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FIG. 5. �Color online� Physical integration range �gray area de-
limited by arrows� of the angle with respect to the vertical axis as
depicted in Fig. 2. Data are directly extracted from the force orien-
tations. Dotted line denotes the ordered plane lower-angle limit.
Additional gray between this line and the left arrow is the added
range generated by a roughened slide plane.
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the valleys and reducing the peak height. Notwithstanding,
such changes affect the theoretical macroscopic friction co-
efficient depicted in Fig. 6 less than 10% within the loading
range considered.

Summarizing, we have analyzed a simple relation be-
tween local and macroscopic frictions in a two-dimensional

granular pile built by deposition under the effects of gravity.
The model contains the distribution of force angles in the
sample, the magnitude of the local friction coefficient, and
their relation to the macroscopic force on any particular
plane. Macroscopic friction is defined by the sequence of
Mohr yielding circles generated under increasing uniaxial
strain. The results obtained are in good correspondence with
the theoretical formulation analyzed for an ample range of
local friction coefficients �0.1��m�0.7�. Thus, the local
friction plus the orientation distribution of local forces can
predict macro friction behavior with only one adjustable pa-
rameter describing the roughness of the slip planes in the
granular material. Even though here the macroscopic friction
is always found to be larger than the local value, this depends
critically on how the granular pile is built �distribution of
force orientations� and a crossing between macro and local
frictions can be expected, resulting in interesting stability
considerations for granular piles.
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FIG. 6. Computed values of macroscopic friction �black circles�
for samples with varying microscopic friction values. Error bars are
of the size of the symbols. The macroscopic friction is also derived
from the relation in Eq. �5� and fitted to data by adjusting one
parameter describing the roughness of the sliding plane.
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